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ABSTRACT:  

In the present work, a wall element technique based on finite element method (FEM) has been 

developed and adopted in the zone which is closed to the solid walls of a long straight channel 

which replaces the traditional use of the empirical laws for the determination of confined 

turbulent flow associated heat transfer. The validity of this technique was investigated and well 

compared with other standard techniques. 
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I.   Introduction: 

    Turbulent fluid flow and heat transfer phenomena has numerous important applications such as 

flow in the blade passages of turbo machinery, heat exchangers and cooling system. Due to the 

complexity of the equations which governing the fluid motion by the Navier-Stokes (N-S) 

equations and the heat transfer by the energy equations, an analytical solution is intractable and 

during the last three decades, attention has been focused on the numerical simulation of flow 

process, the so called computational fluid dynamics (CFD). Finite element methods [1-4] are one 

of the methods which established itself as a powerful tool, feasible, complementary and 

competitive alternative to other existing numerical methods.  In dealing with confined turbulent, 

an effective technique is required to model the variation of the primitive variables in a zone close 

to a solid boundary, the near wall zone (N.W.Z.), incorrect modeling can affect the values of the 

primitive variables throughout the flow domain.   

In order to accommodate the rapid transfer of shear and variations in velocities, turbulent kinetic 

energy and temperature, within this zone, attention has been paid to model this zone accurately to 

obtain correct an overall predictions particularly the transfer of shear from the solid wall, with 

associated large variations in velocity, turbulence kinetic energy, and temperature.  If a 

conventional finite element is used to model the N.W.Z. then significant grid refinement would be 

required.  Several solution procedures have been suggested in order to avoid such excessive 

spatial refinement [5-7].  A more common approach, widely adopted is to terminate the 

computational domain (main domain) at some small distance away from the wall, where the 

gradients of independent variables are relatively small, and an appropriate technique then used to 

model the flow behavior of the fluid and the heat in the N.W.Z.  Traditionally, the concepts of 

universal laws [8, 9] are used, to depict the variables behavior in near wall zone. In the present 

work, these concepts have been replaced by adopting a finite elements technique based near wall 

zone. The validity of the adopted wall element technique was investigated and well compared 

with other standard technique.  

 



               IJMIE                 Volume 2, Issue 6                 ISSN: 2249-0558        
___________________________________________________________ 

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Management, IT and Engineering 
http://www.ijmra.us 

 
344 

June 
2012 

II.   Mathematical Model: 

     Equations which are commonly used to describe the momentum which implied by the Navier-

Stokes equations and the mass conservation by the continuity equation govern steady - state two 

dimensional flow of an incompressible viscous Newtonian fluid with no body forces acting are, 

respectively; 
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Where ui, are the velocities with respect to an orthogonal Cartesian coordinate systems ix  (where 

i, j = 1, 2), p is the local pressure,  is the fluid density, e is the effective viscosity which is given 

by e =  + t, t are the turbulent viscosity and is the dynamic viscosity of the fluid.  

Equation (1) and (2) cannot be solved unless a turbulence closure model can be provided to 

evaluate the turbulent contribution to
e
. The simplest model is via an algebraic formula [10] 

which has limited application and therefore this model is not adopted in the present work, but an 

alternative (Prandtl [11]-kolmogorov [12]) model is used. For the present work, a one-equation 

model has been adopted so that, 

  12/1kCt   ………….……......................... (3) 

Where k is the turbulence kinetic energy, 1  is the length scale of turbulence which has been 

specified algebraically for the present purposes and C  is a constant, which is taken as 0.22. The 

distribution of k is depicted by the transport equation, 
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Where B= 1/2/3kCD
, 

kt /  is the turbulent diffusion coefficient, 
k

 is the turbulent prandtl 

and CD is a constant.  
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The temperature (T) distribution can be then obtained from an energy equation written in the 

form; 

 u j 
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t )(   …………..……..  (5)                    

In which t / t , , t  are respectively, the thermal molecular diffusivity of the fluid, the laminar 

Prandtl number which is usually taken as 0.7 and the turbulent Prandtl number is given:  

t = 0.7                                                         Y
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≤ 5 
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t = 0.95                                                         Y
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Where Y
+
 = (y √ ( τw )) / µ ,τw is the wall shear stress, y is the normal distance measured away 

from the wall into the fluid.  The above governing equations (1), (2), (4) and (5) are then solved 

within the computational domain (i.e. main domain) using a standard finite element method, in 

which the Galerkin weighted residual approach is adopted to solve the discretising equations. 

Green theorem is used to reduce the order of the equations to unify resulting in a ‘weak 

formulation’ which resulted in non-linear equation matrix which is solved then by using matching 

process. Pressure procedure developed by Schneider [13], which implements the conservation of 

mass through the use of the pressure. Within the near wall zone (N.W.Z.), either conventional 

finite element (i.e. 2-D elements up to the wall) can be used, however an excessive mesh 

refinement was needed which is expensive in computer time and memory, or universal laws to 

bridge from a solid boundary to the main domain (Figure 1). In the present work, a finite elements 

technique has been adopted, using one-dimensional normal to the wall (Figure 2). The validity of 

the wall element technique was investigated and well compared with other standard technique in 

along straight duct.   
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III.   Boundary Conditions: 

     In the present work, pressure flow was considered. Fully developed Dirichlet conditions are 

assumed on all variables upstream. No slip condition were imposed on solid boundaries and 

tractions updated downstream. Tractions are given by,  
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x                  x2- normal to walls 

Zero gradients of turbulence kinetic energy as Neuman conditions are used at downstream.  The 

updated traction technique, can be equally applied to the energy equation, and is given by; 
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On solid boundary boundaries, no slip condition was imposed and a constant heat flux is specified 

by imposing the temperature gradient value with respect to normal direction on the wall. 

 

IV.   Results and Discussion: 

    The validity of the adopted wall element technique is tested by, analyzing fully developed 

turbulent flow and associated heat transfer in a long straight duct of width D, which is taken as 1.0 

in the present work and length L.  Different Reynold numbers of 12,000 and 50,000 based upon 

the width of D was investigated. Compatible fully developed velocity and kinetic energy profiles 

were imposed at the upstream section when fully developed turbulent flow was considered at the 

first stage and the tractions were updated at downstream.  These profiles were obtained by using 

the outlet values form each iteration as new approximations to the values at the inlet until a 

convergent condition is satisfied. 

Convergent velocity profiles are presented in Figures 3 and 4.  Clearly, the results obtained from 

the adoption of the presently advocated technique 1-D element normal to the wall exhibits 

excellent agreement with the correct solution which resulted from the complete mapping (i.e. 2-D 

element up to the wall).  These are, superior to those obtained using universal laws. Figure 5 

shows an excellent agreement between the adopted technique and experimental results [14].  Once 
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more, the ‘correct’ values are remarkably close to those obtained from the advocated technique, as 

shown in Figure 6 refers to the kinetic energy.  It is clearly from the results obtained, that the 

validity of the wall element technique (1-D elements in one direction) which has most 

advantageous owing to the number of elements used in the near wall zone are similar to those 

obtained from the use of 2-D element up to the wall which is not economic technique and needs 

excessive refinement when fully-developed turbulent flow was considered. The validity of the 

wall element technique (one-dimensional normal) has been tested and approved [15]. In the 

present work, this validity of the developed technique has been proved again when heat transfer is 

considered. 

      Temperature and velocity distributions were imposed at the duct inlet.  Temperature values 

were those obtained after several solutions were undertaken [16-17], with constant heat flux 

boundary conditions at the solid walls, and downstream values of temperature re-imposed at the 

upstream for the following iteration.  This follows the technique when updated tractions were 

used.  This gave a smooth distribution of temperature compatible with the upstream flow 

conditions. Figure 7 shows that the adopted technique and complete mapping are almost identical 

whilst approximately 5% discrepancy, maximum, exists when comparing these to the temperature 

profile obtained using universal laws and also shows a good agreement with the experimental 

results [18].    Figure 8 shows a large difference in values when considering temperature profiles 

in the longitudinal direction. 

Again, the advocated wall element technique has been demonstrated to be superior to that usually 

used and compares very favorably with an accurate, alternative calculation.  This is primarily due 

to the inaccuracies in gradients of temperature when universal laws are used which reflects the 

same trend as when velocities are evaluated. 
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Figure 1: Boundary conditions when the mesh is terminated at small distance away from the wall. 

 

 

Figure 2: One-dimensional elements in one-direction normal to the wall used in the N.W.Z.  

 

 

Figure 3:  Turbulent velocity profiles for fully-developed flow, at 8D downstream, L=8D, 

Re=12.000 



               IJMIE                 Volume 2, Issue 6                 ISSN: 2249-0558        
___________________________________________________________ 

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Management, IT and Engineering 
http://www.ijmra.us 

 
349 

June 
2012 

 

Figure 4:  Turbulent velocity profiles for fully-developed flow, at 8D downstream, L=8D, 

Re=50.000 

 

 

Figure 5:  Turbulent velocity profiles for fully-developed flow, at 8D downstream, L=8D, 

Re=50.000 
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Figure 6: Fully-developed kinetic energy profiles for turbulent flow, at 8D downstream, L=8D, 

Re=12.000 

 

 

Figure 7: Temperature profiles for fully-developed flow, L=10D, at interface 0.49D, Re=12.000 
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Figure 8: Temperature distribution along the centre line for fully-developed flow, L=10D, 

Re=12.000 

 

 

V.   Conclusions: 

     Since the use of 2-D elements up to the wall needs an excessive refinement which is not 

economically viable, and the utilization of universal laws are really applicable for certain 

unidimensional flow regimes which is not valid. These methods have been replaced by 

introducing a wall element technique, based on the use of the F.E.M. which has shown an 

excellent results when the turbulent fully-developed flow and heat transfer was considered and 

can be used with confidence.  

 

References: 

 Hirsch, C., Numerical computation of internal and external flows, Fundamentals of 

numerical discretization, Vol. 1, (1989).     

 Zienkiewicz, O. C. and Taylor, R. L., The finite element method, McGraw-Hill, (1988). 

 H. vander Ven and J. J. W. van der Vegt, Accuracy, Resolution, and computional complexity 

of a discontinuous Galerkin finite element method, in Lecture Notes in Computional Science 

and Engineering, Vol.11, pp. 439-444, (2000). 



               IJMIE                 Volume 2, Issue 6                 ISSN: 2249-0558        
___________________________________________________________ 

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Management, IT and Engineering 
http://www.ijmra.us 

 
352 

June 
2012 

 Taylor, C. and Hughes, T. G., Finite element programming of the Navier-Stokes equation, 

Pineridge press, (1981). 

 Haroutunian, and Engelman, S., On modeling wall-bound turbulent flows using specialized 

near-wall finite elements and the standard k-  turbulent model, Advances in Num. simulation 

of Turbulent flows, ASME, Vol. 117, pp. 97-105,  (1991). 

 Graft T, Gerasimov A, Iacovides H, Launder B., Progress in the generalization of wall-

function    treatments, Int. Journal for heat and fluid flow., p. 148-160, (2002). 

 Launder, B. E. and Shima, N., Second moment closure for near wall sublayer: Development 

and Application, AIAA Journal, Vol. 27, pp. 1319-1325, (1989). 

 Davies, T. J., Turbulent phenomena, Academic Press,(1972). 

 Hughes, W. F. and Brighton, J. A., Fluid Dynamics, McGraw Hill, New York, (1991). 

 Launder, B. E. and Spalding, D. B., Lectures in mathematical models of turbulence, Academic 

Press, (1972). 

 Prandtl, L., Uber ein neues forelsystem fur die ausgebildete turbulenze,  Nachr. Akad. Der 

wissenschafft, Gottingesn, (1945). 

 Kolmogrov, A. H., Equations of turblent motion of an incompressible fluid, IZV Akad Nauk, 

SSSR Ser. Physics, Vol. 1-2, pp. 56-58, (1942). 

 Schneider, G. E., Raithby, G. D. and Kovanovich M., Finite element analysis of 

incompressible fluid flow incorporating equal order pressure and velocity interpolation, Proc. 

Int. Conf. Num. Meth. in laminar and turbulent flow, pentech press, London, pp. 89-102, 

(1978). 

 Nayak, U.S.L. and Stevens, S.J, An experimental study of the flow in the annular gap between 

a long vehicle and a low close-fitting tunnel, Report: Dept. of Technology, Loughborough 

University of Technology, (1973). 

 Sabah Tamimi, Validation of wall element technique of turbulent flow, accepted for   

publication at the GSTF International Journal on Computing (JoC), Volume 2, No. 1, ISSN: 

2010-2283, E-periodical:2251-3043 



               IJMIE                 Volume 2, Issue 6                 ISSN: 2249-0558        
___________________________________________________________ 

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Management, IT and Engineering 
http://www.ijmra.us 

 
353 

June 
2012 

 Anderson, D. A., Tannehill, J. C. and Pletcher, R.H., Computational fluid mechanics and heat 

transfer, Hemisphere Publishing Corporation, Washington, (1984). 

 A.H. Algifri and R.K. Bhardwaj, Prediction of the heat transfer for decaying turbulent swirl 

flow in a tube, Int. J. of Heat and Mass Transfer, Vol. 28, pp. 1637-1642, (1984). 

 Tae-Hyun Chang, An investigation of turbulent swirling flow with heat transfer, Ph.D. 

University College of Swansea, (1991).  

 

 


